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Binary Variables (1)

Coin flipping: heads=1, tails=0

plx =1|p) = p

Bernoulli Distribution

B(‘I‘I’l(.’lf‘ll) — N.L'(l - “)1—.1'
[E[.‘I'] — 1
\"&11'[.‘17] — /1(1 — /1)



Binary Variables (2)

N coin flips:

p(m heads|N, i)

Binomial Distribution

Bin(m|N, u) = ( )/1’”(1 — p)N-m
m
N
E[m| = Z mBin(m|N, u) = N
m=>0
N
varm| = Z (m — IE[m.:)“) Bin(m|N, ) = Nu(l — p)

m=0



Binomial Distribution
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Parameter Estimation (1)

ML for Bernoulli

N N
Given: p(D|u) = [ plealw) = T (1 = p)'==
n=1 n=1
N
Inp(D\pu) = Z In p(zn|pn) = Z {xpInp+ (1 —2,)In(1l — p)}
n=1



Parameter Estimation (2)

Example: D= {1.1,1} — ppgp, = -

A4

Prediction: all future tosses will land heads up

("

=1

(JN

Overfitting to D



Beta Distribution

Distribution over

p e [0,1]
[(a+0) ,_ -
Beta(u|a,b) = F((J)F(b)) pt (1 — )’
a
E —
2 a+b
L
var(p] = =

(a+b)*(a+b+1)



Bayesian Bernoulli

p(plag, b, D) o< p(D|pu)p(plag, bo)

N
— (H (1 — /1)1"'“> Beta(u|ag, bo)

n=1

( N—m _)+bl_)— |
— J1)

x Beta(pulan,by)

X /1m+u._;.—l (l

anN = ag +m by =bo + (N —m)

The Beta distribution provides the conjugate prior for the
Bernoulli distribution.
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Distribution
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Prior - Likelihood = Posterior

2 2 P, % A
~| prior | likelihood function | posterior
0 . 0 . 0 .
0 0.5 1 0 0.5 1 0 0.5 I
H H 7
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Properties of the Posterior

As the size of the data set, N, increase

ay — m

1);\7 — N —m

. an m
Elul = : » — = ML
/ ] an + by N M1
anby
var(pu| =

((I,N -+ [)"\,)‘2((11\,- + by + 1)

» ()
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Prediction under the Posterior

What is the probability that the next coin toss will land
heads up?

1

p(x = 1lag, bp, D) = plx = 1|p)p(p|ag, bo, D) du

1
up(pelag, bo, D) dp

|

— E[/l ‘('I.(), l)(), D] ”—\
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Multinomial Variables

1-of-K coding scheme: x = (0,0,1,0,0, O)T
K
p(x|p) = || wi
fo—
K
Vk :pp =0 and Z/IA =
=

K
» pxlp) =) =1
X k=1
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ML Parameter estimation

Ensure >, 1 = 1, use a Lagrange multiplier,

K K
Z my In pg + A (Z [ — 1)

k=1 k=1

ML _ Tk
fp = —mg /A My~ =

J
-~
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The Multinomial Distribution

N K
Mult(my,mo,...,mg|pu, N) = H o
mims ... Mg
k=1
Elmg] = Npg
varfmg| = Npg(l — )
covimimy| = —Npju
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The Dirichlet Distribution

1—\((}‘ ) K
Dir ) = -0, R 1
() F((ll)'--F((ll\)E/A
K /1'2‘
g — Z X
k=1
Conjugate prior for the "
multinomial distribution. 1

13
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Bayesian Multinomial (1)

K

p(u|D, &) o p(D|p)p(plee) oc T pgrtm!
k=1

p(p|D,¢) = Dir(p|a + m)

_ ['(cg + N) H/llﬁmk 1
oy +mq) - Tag + mg)
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Bayesian Multinomial (2)

N = 101 ) = 10V X} = 10"
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Gaussian Distribution




The Gaussian Distribution

A
N(z|p,0?)
) 1 1 o
\ ) = Xp{ ———=(x — pn)°
(w1 0%) = o {5~
ok
’.’17]
1 1 1 _

Vix|p,2) = CSEEASIEE exp {—5()( — )P N (x — u)}
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Central Limit Theorem

The distribution of the sum of N i.i.d. random

variables becomes increasingly Gaussian as N
grows.

Example: N uniform [0,1] random variables.
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Geometry of the Multivariate Gaussian




Moments of the Multivariate Gaussian (1)

1 " | R
- (2 D72 TS [1/2 /(‘xp< —§ZIE ]z} (z + p) dz

thanks to anti-symmetry of z

Elx|] = p
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Moments of the Multivariate Gaussian (2)
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Partitioned Gaussian Distributions




Partitioned Conditionals and Marginals

-~
J
J J

1)(X(—, |Xb) = A (X(, ;”’a|b* 2alb,)

z:(zlb — A(Tal = 2igaq — Z:abz)[,_bl 2iba
“’a|b - 2n|b {A(m.ﬂfa — Aub(xb — IL())}
= g — Aga Aan (X5 — )

= M, + 2“1)21)_01 (xb o I’l’b)

p(Xe) = / P(Xq, Xp) dxy,
— -"\'r(xu |u(l ; 2:uu )
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Partitioned Conditionals and Marginals

Ty
Th 0.7 [)(' .‘l‘,ll;l,‘h ().7)
0.5} 1 5}
P Zq,Tp)
]){ ;I‘lt )
0 4 0 i
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Bayes’ Theorem for Gaussian Variables

Given
p(x) = N (x|p,A™")
p(ylx) = N (y|Ax+b,L7")
we have
p(y) = N(y|[Ap+b, L1+ AAT'AT)
p(xly) = ,-'\"K(X‘E{ATL(}/ —b)+ Ap},3)
where

»=(A+A'LA)"!
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Maximum Likelihood for the Gaussian (1)

Given i.i.d. dataX = (xi,...,xx) ! the log likelihood
function is given by
ND N 1 &
np(X|p, ¥) = ——=In(27) — - In || Q;ocn ) 'S (%, — )

Sufficient statistics

N N

> x, > xnx,

n=1 n=1
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Maximum Likelihood for the Gaussian (2)

Set the derivative of the log likelihood function to

Zero,
9 Inp(X|p, ) Zz (Xp — ) = 0
()N 1 yez n
and solve to obtain
1 &
.. My, = 7 Xn
Similarly N ;
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Maximum Likelihood for the Gaussian (3)

Under the true distribution

IE[IL.\H,] = M
EXvL = —3.

Hence define

- 1 -
> N — 1 Z(Xn — pan) (Xn — fr) -
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Sequential Estimation

Contribution of the Nt data point, Xy

N

vy 1
Hai = VZX'?
. n=1
N—1
1 +1
= —XnN+ — X
i\'y N \ n
n=1
1 N —1 (N—1)
NN N HML

(N-=1) 1 (N-1)
= My **V(x:\’ — My, )

J

T

\—> correction given Xy

> correction weight

> old estimate
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Bayesian Inference for the Gaussian (1)

Assume variance is known. Given i.i.d. data
x = {x1,...,2n}, the likelihood function for
mean is given by

N

1 1 .
X|/1 H 1) n|,” - S )\/ { 272 Z(?l'n - /1)2} .

n=1 n=1

This has a Gaussian shape as a function of mu (but
it is not a distribution over mu).
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Bayesian Inference for the Gaussian (2)

Combined with a Gaussian prior over mu,

p(p) = N (plpo,o3) -

this gives the posterior

p(p[x) o< p(x|p)p(p).

Completing the square over mu, we see that

p(p|x) = N (ulpn, ox)
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Bayesian Inference for the Gaussian (3)

where
) )
o Nog 1
- — ~ + — > U IML — 7 U'n
LN NoZ + 5 HO No2 1 2 MMI M \ Z
n=1
1 1 N
5 = —5 T 5
oN op o“
Note:
N=0 N —
N L0 ML
2 2 O
ON g
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Bayesian Inference for the Gaussian (4)

Example:p(u|x) = N (u|un, o) for N =0, 1, 2 and
10.
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Bayesian Inference for the Gaussian (5)

Sequential Estimation

p(ulx) oc p(p)p(x|u)

N—-1 ]
—  |p(w H p(zal) | plan|p)

x N(/t\/u 1, ON— l)p(7 N )
The posterior obtained after observing N {N-1 data
points becomes the prior when we observe the Nt
data point.
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Bayesian Inference for the Gaussian (6)

Now assume mu is known. The likelihood function
for precision is given by

N
r/O )\ ‘ )
p(x|A) = H N (Zp|pp, A1) o AN 2 exp {E Z(;zrn — /1)"} :

n=1 n=1

This has a Gamma shape as a function of lambda.
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Bayesian Inference for the Gaussian (7)

The Gamma distribution

1
Gam(Ala,b) = F((l)l)")\"l exp(—b\)
(a (
| )\ = — var )\ — =
Al b ar| )| b2
a = (0.1 ) a ] ) a =4
b =0.] b ] b =6
i | | \ |
0 . — 0 . 0
0 A1 2 0 A 2 0 A
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Bayesian Inference for the Gaussian (8)

Now we combine a Gamma prior,Gam(\|ag, bg),
with the likelihood function for lambda to obtain

N
1N/ A ¢ ‘
p(Alx) oc A0 LAN/2 exp {bo)\ -3 Z(.zrn - /1)‘2}

n=1

which we recognize as Gam(\|ay, by ) With

N
anN = ) —
A 0 T 5
N .
]_ ) :\ 9
b;\" = b() + 3 Z(-ﬁl-'n - /1)- — b() + ?Oill,‘

n=1
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Bayesian Inference for the Gaussian (9)

If both mu and lambda are unknown, the joint
likelihood function is given by

AR
p(x|p, A) H ()—) (\p{ (%n —/1)2}
2 ,\ = A o
x |A/7exp exp { AU Z -5 Z X, ¢ .

We need a prior with the same functional
dependence on mu and lambda.
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Bayesian Inference for the Gaussian (10)

The Gaussian-gamma distribution

(e, A) = N (p|po, (BX) 1) Gam(Ma, b)

G o |
X exp {—T(/z — /10)“} A Lexp {—bA\}

—

\ ] |\ J
| !

* Quadratic in mu. * Gamma distribution over lambda.
e Linearinlambda. ¢ Independent of mu.
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Any Questions?!




